Gravitational field of a spinning radiation beam-pulse in higher dimensions 
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We study the gravitational field of a spinning radiation beam-pulse in a higher dimensional space- 
time. We derive first the stress-energy tensor for such a beam in a flat spacetime and find the 
gravitational field generated by it in the linear approximation. We demonstrate that this gravita- 
tional field can also be obtained by boosting the Lense-Thirring metric in the limit when the velocity 
of the boosted source is close to the velocity of light. We then find an exact solution of the Einstein 
equations describing the gravitational field of a polarized radiation beam-pulse in a space-time with 
arbitrary number of dimensions. In a D— dimensional spacetime this solution contains [D/2] arbi- 
trary functions of one variable (retarded time it), where [d] is the integer part of d. For the special 
case of a 4-dimensional spacetime we study effects produced by such a relativistic spinning beam on 
the motion of test particles and light. 



PACS numbers: 04.70.Bw, 04.50.+h, 04.20.Jb 
I. INTRODUCTION 

A metric for the gravitational field of a massive source 
moving with the velocity close to the velocity of light is 
known for many years. This metric was discovered by 
Aichelburg-Sexl in 1971 Q. It can be obtained by boost- 
ing the Schwarzschild metric. In the so-called Penrose 
limit, when the boost becomes infinite while the energy 
remains finite, the boosted Schwarzschild metric takes 
the form of a gravitational shock-wave. The properties 
of such solutions and their generalizations, as well as re- 
lated references can be found in a recent book 0. 

There are several reasons why such boosted solutions 
are of interest and can be helpful. In recent years the 
Penrose limit attracted a lot of attention in the string 
theory after demonstration that the theory can be ex- 
actly solvable in this limit 3]. In the type IIB super- 
gravity a certain gravitational plane-wave solution con- 
stitutes a maximally supersymmetric background for the 
IIB string. In the light-cone gauge the string theory a- 
model on the plane- wave background is reduced to a free 
massive two-dimensional model. This model, similarly 
to what happens in a flat background, is solvable and 
can be easily quantized. Moreover, there exists a duality 
relating type IIB superstrings in the maximally super- 
symmetric plane- wave background to a four-dimensional 
J\f = 4 super Yang-Mills theory. 

Another application is related to studying mini black 
hole formation in a high-energy collision of two parti- 
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cles (for general discussion, see e.g a review 4J). This 
problem was motivated by theories with large extra di- 
mensions. For two highly relativistic particles the gravi- 
tational field of each of them, as observed in the center of 
mass frame, can be approximated by the Aichelburg-Sexl 
metric. Eardley and Giddings [j| used this approxima- 
tion to estimate the cross section for black hole produc- 
tion. This paper also discusses black hole formation in 
the presence of extra dimensions. Generalization of these 
results for higher dimensional head-on and not head-on 
collisions can be found in 0,0, 111- The paper [(| discusses 
the formation of an apparent horizon for the head-on col- 
lision from the point of view of the hoop conjecture. A 
discussion of the higher dimensionalgeneralizations of 
the hoop conjecture can be found in 

If a black hole is created in the non head-on collision 
of two ultrarelativistic particles, one can expect that it 
would be rapidly rotating and the angular momentum of 
the black hole will be important for its further evolution 
[H E3> EH D3 D3 • The cross section for the production 
of a rotating higher dimensional black hole and a black 
ring was estimated in |l2j . 

If colliding ultrarelativistic particles have spin, one can 
expect new effects connected with a spin-orbit and/or 
spin-spin interaction. In order to study these effects one 
needs to know the shock wave solutions describing the 
gravitational field of particles with spin. A natural way 
to obtain such solutions is to boost the Kerr metric. The 
lightlike boost of the Kerr black hole in the direction 
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parallel to its spin was discussed in |14lll5j . It was shown 
later that the method used in the paper ^{| contains 
an ambiguity. This ambiguity was fixed in more recent 
publications. By using different approaches a solution for 
the boosted Kerr black holes was obtained and studied 
in [3 13 13 13 HJ. The papers [3 13 E3 discuss 
also a general case when direction of the boost differs 
from the spin direction. Relativistic boosted metrics for 
higher dimensional rotating black holes were obtained in 

In the derivations of the lightlike boosted Kerr metric 
it is usually assumed that a rotation parameter a is fixed, 
while the mass M tends to zero, in order to keep fixed 
the energy, E — jM. Here 7 = (1 — v 2 /c 2 ) -1 / 2 and 
v is the velocity of the black hole. Thus in the Penrose 
limit the angular momentum J = aM also vanishes. This 
means that at a finite distance from the black hole the 
field (curvature) becomes weak in the comoving reference 
frame. For this reason in order to obtain a boosted Kerr 
metric in the Penrose limit it is sufficient to start with a 
Lense-Thirring weak field solution. 

For a discussion of black hole formation in the rela- 
tivistic collision of particles with a spin, it is important 
to study another limit when their internal angular mo- 
mentum (spin) does not vanish when 7—5-00. The aim of 
this paper is to obtain such solutions and describe their 
properties. We start by considering a narrow pulse-like 
beams of electromagnetic radiation (section 2). We as- 
sume that this radiation is almost monochromatic and 
is either right or left circularly polarized. We describe 
this beam in the geometric optics approximation assum- 
ing that the duration of the beam L and the radius of its 
cross-section g are much larger than the wavelength A. 
Since our aim is studying the gravitational field created 
by such sources both in four and higher dimensions, we 
perform the calculation of the stress-energy tensor and 
the angular momentum of the beam-pulse in flat space- 
time with the number of dimensions D > 4. 

In section 3 we derive the gravitational field of the 
beam-pulse of spinning radiation in the linear approxi- 
mation. In appendix A it is demonstrated that the same 
metric can be obtained in the Penrose limit from the 
Lense-Thirring metric, provided during the limit-process 
the angular momentum J, as well as the energy E are 
fixed. In four-dimensional case such a boosted solution 
is characterized by 2 parameters, E and J. In the higher 
dimensional case the number of angular momentum pa- 
rameters Ji is greater than one. It coincides with a num- 
ber I of independent bi-planes of rotation orthogonal to 
the direction of motion. For a D— dimensional spacetime 
I is the integer part of the ratio (D — 2)/2. 

For a fixed angular momentum the solution at a finite 
distance from the source does not reduce to its weak field 
limit. For this reason in general case a boosted weak field 
solution is not sufficient for the generation of the exact 
solution of the beam-pulse of spinning radiation. In the 
second part of the paper we derive such an exact solution 
and study its properties. We present the exact solution 



in section 4. A proof that the presented metric is Ricci- 
free outside the source is given in appendix B. The form 
of the metric differs slightly for even and odd number 
of spacetime dimensions. The obtained solution contains 
/ + 1 arbitrary functions of one variable (" retarded time" 
u) which determine the profiles of the distributions of the 
energy and of the angular momenta of the beam-pulse. 
The special case when D — 4 is discussed in section 5. 
In section 6 we discuss motion of particles and light in 
the gravitational field of the beam-pulse of spinning ra- 
diation. We focus our attention on the four-dimensional 
case and demonstrate that the effect produced by the spin 
creates a force on a particle similar to the usual centrifu- 
gal repulsive force, while the energy produces the attrac- 
tive "Newtonian" force. We discuss possible applications 
of the obtained results in "Summary and Discussions" 
(section 7). 



II. BEAM-PULSES OF CIRCULARLY 
POLARIZED RADIATION 

A. Beams of circularly polarized electromagnetic 
field in a four-dimensional spacetime 

Let us discuss properties of the polarized radiation. 
We consider first the electromagnetic field in a flat 
4-dimcnsional spacetime. We choose the first two coor- 
dinates to be null x 1 = u = t — £, x 2 = v = t + £, and 
denote the other spatial coordinates x a , a = 3,4. In a 
Lorentz gauge (A^ 1 „ = 0) the electromagnetic field obeys 
the equation 

nA fl = (-4d u d v + d 2 ± )A fl = 0. (1) 

Here d\ = c?f + d\ . A solution for a circularly polarized 
monochromatic plane-wave propagating in £— direction 
has the form 

A^ = A [e^ exp(— iuiu) + e M exp(zuw)] . (2) 

Here A is a real amplitude and e M is a complex null vec- 
tor (e^ is its complex conjugate) in the bi-plane (a; 3 , a; 4 ), 
orthogonal to the direction of wave propagation. One 
can choose e M = e+ or e M = e~ , where 

e± = -^(<fj»±ia£). (3) 

The superscripts -I- and — correspond to the right and 
left circularly polarized waves, respectively. 

If A is not a constant, but a slowly changing func- 
tion, (0) is an approximate solution provided u> is large. 
If WA ~ g~ 1 A then (J2J gives a solution in the geo- 
metric optics approximation provided X/g <C 1, where 
A = oj^ 1 is a wave-length. We assume that A depends 
on = (x 3 ,x 4 ), is localized in the vicinity of = 0, 
and vanishes outside the radius R = \/xj_ ~ g [23j . 
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The field strength — A^ v — A v ^ can be written and is the Heaviside step function. Thus one has 



Ffj, u = T^v exp(-iuju) + T^ v exp(zwu) . 



(4) 



where the complex tensor has the following non- 
vanishing components 



•F ua iujAc a , J~ a b G a A_b &bA. a ■ 



(5) 



The metric stress-energy tensor of the electromagnetic 
held is 



tt = F px F„ 



1 



(6) 



The stress-energy tensor for a monochromatic wave be- 
sides a part independent of u contains also a rapidly os- 
cillating contribution ~ exp(±2io;w). This contribution 
vanishes after averaging over the time interval L ^> A and 
can be neglected. Thus one has the following expression 
for the averaged stress-energy tensor 



t£ = 23ft 



(7) 



where 3i[a] denotes a real part of a. 

It is easy to check that the components t vv and t va 
vanish identically. The components of t uv , t a b are of the 
order of X 2 /l 2 and also can be neglected. The leading 
non- vanishing components of t M „ are 



t'uu 2iO A 



t ua = iujAA,b{e a eb - e a e&) 



(8) 



(9) 



The stress-energy tensor (0 obeys the relation t ua ,a = 0. 
The energy of the beam-pulse is defined as follows 



E = I dudx.\ t v 



(10) 



Since the averaged stress-energy tensor t uu does not de- 
pend on u, the energy E of the beam is divergent. In 
order to deal with a realistic system with finite energy 
it is sufficient to assume that the beam-pulse has a fi- 
nite duration L ^> A in time. To deal with this situation 
one can use the geometric optics approximation J5J and 
allow A to depend (slowly) on u. We adopt a simpler 
approach. Namely we assume that during the time in- 
terval u € (— L/2,L/2) the stess-energy tensor is given 
by JHJ-JHJl, and vanishes outside this interval. We denote 
by T M „ the corresponding stress-energy tensor. It can be 
written as 



T M1 ,(w,xjJ = x(m)L£ mj ,(xjJ 



(11) 



where 



X {u) = -{${u + L/2)-ti{u-L/2)) , (12) 



E 



du dx.±T u 



L \ dx±t v 



Using this relation we obtain 



E = 2NLlu a 



(13) 



(14) 



where N = J dx.±A 2 is a normalization constant depend- 
ing on the amplitude A. 

In the Minkowski space-time one can also define the 
conserved angular momentum J a b of the system. This 
can be done with the help of the angular momentum 
tensor SI 



M't = x a T p „ - x p T° 



as follows 



jab 



dudx.j_M 



ab 



Using © one obtains 



Jab 



■ E I - 
2uj 



e Q ebJ 



(15) 



(16) 



(17) 



For simplicity we assume that the beam-pulse is ax- 
isymmetric. In this case the components of the spin 
tensor J UQ , J va vanish. The components J uv may be 
nontrivial but they are not relevant for further analysis 
because their contribution to the gravitational field (the 
uv component of the metric) is of higher order with re- 
spect to the contribution produced by the energy of the 
beam. 

In a four-dimensional spacetime the tensor J a b can be 
used to define the vector of spin. Denote by n a unit 
vector in the direction of the wave propagation. Then 
the vector of the spin is Jn, where 



E 

J &abJ ^ £ab^a&b 



(18) 



This vector is directed along the beam axis and its value 
is 



E 

J = ±-. 

UJ 



(19) 



for the right (+) and left (— ) polarization, respectively. 

For a monochromatic wave which is not a state with a 
given helicity, but is a superposition of the right and left 
polarized radiation, the energy E and the total angular 
momentum J are 



;(■/+ + J-) 



J- 



(20) 



Similar calculations with similar conclusions can be easily 
done for a high frequency monochromatic beam-pulse of 
gravitational radiation. 
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B. Higher dimensional case 

Consider now the higher dimensional generalization of 
the results obtained in the previous section. We again 
use the coordinates u = t — £ and v = t + £ as the first 
two coordinates, x 1 — u and x 2 — v, and denote the 
other spatial coordinates by x a , a = 3, . . . , D, where D is 
the number of spacetime dimensions. We shall also use a 



vector notation xi = (x 



The vector potential 



of an "axially symmetric" monochromatic beam can be 
written as 



A(u,R) 



D 

s=3 



A u — A v 



[b s (R)( 







b s (R)e l 



(21) 



(22) 



Here A denotes a vector with components A a . e s are 
real polarization vectors normalized as (e s , ey ) = 5 ss i . 
The coefficients b s are complex functions of xj_, b s are 
their complex conjugates. As earlier we consider a beam 
of radiation and assume that these functions vanish at 
R> g, where R = J x^_. 

Computation of the energy and the angular momentum 
of the beam is analogous to the calculations performed 
in the previous section. It yields 



E = 2Luj 2 / dx ± ^2 b s b s 



(23) 



These complex vectors are normalized as 

(e*,ej) = (e*,ej) = 0, (e i ,e j )=S lj . (27) 

If D is even, the transverse part l|22|l of the vector 
potential can be rewritten in the form 



A = 



(D-2)/2 

£ 

i=l 



[(oiCj + Cie^e-^" + (a t e t + c i e i )e ia " 1 ] 



(28) 

where <ij, Cj are complex functions which are expressed in 
terms of 6, as 



2i+2 ; 



a t = -j={b 2 i+i - ib 2 i+2) , Q = -^=(6 2 i+l 

(29) 

If D is odd, there exists an extra term in l|28|) correspond- 
ing to the contribution of a (real) polarization vector eo 
orthogonal to all the rotation bi-planes. We denote by 6o 
the corresponding amplitude coefficient. 

Let us define the angular momentum Ji in the i-th bi- 
plane as Ji = 2X(2i+i)(2i+2)- Then by using it 
can be shown that the following relations hold 



E = U J2( J ? + J i~ 



En 



Ji = J? 



J- 



(30) 



(31) 



J 



ah 



(24) 



Jj = ujL I (ix_L CiCi , J, — loL I dx.± ciidi 



(32) 



K ss , = iLuj / dxx(b s b s i - b s b s i) 



(25) 



Eq = 2Lu> / dx± 6q6q 



As earlier L is the duration of the beam-pulse. 

The matrix K ss i is a real antisymmetric (D — 2) x (D — 
2) matrix. There exists an orthogonal transformation O 
which brings it to a block-diagonal form where its only 
non- vanishing components (for a suitably chosen numer- 
ation) are ^34 = —^43, = —K e5 etc. (see [24j). If 
D is odd the last row and column of the above matrix 
vanish. 

The transformation O obeys the property O t O = I, 
where T is a transposition, and I denotes a unit matrix. 
The matrix O transforms an old orthogonal basis e s into 
a new one, e^, = O s , s e s . In the new basis, where K ss i 
has the block-diagonal form, pairs of vectors {e 3 ,e4}, 
{65,65} and etc. define so-called bi-planes of rotation. 
The number of these rotation planes is I = [(D — 2)/2], 
where [a] is an integer part of a. We enumerate the ro- 
tation planes by an index i = 1, . . . , I. We denote by 
a complex null vector spanning the z-th bi-plane, 



«e 2 i+2) 



(26) 



(33) 



Eq = if D is even. Formula l|3UII is a generalization 
of the relation l12()[| between the energy of the beam and 
its spin. Quantities J^ 1 correspond to "left" and "right" 
polarizations in the i-th bi-plane. 



III. GRAVITATIONAL FIELD OF A 
BEAM-PULSE IN THE WEAK FIELD 
APPROXIMATION 

We look for the gravitational field of a source which 
moves with the velocity of light in a flat ZJ-dimensional 
space time. The source is a beam-pulse of circularly po- 
larized radiation. For brevity we call such a source 'gy- 
raton'. The gyraton is supposed to be stretched along 
the axis of the motion and it moves rigidly, i.e., it pre- 
serves its profiles both in the longitudinal and trans- 
verse directions. As earlier we use coordinates x^ = 
{u,v,x a ), where x a , a = 3,..,D, are the transverse co- 
ordinates, and Xj_ is a vector in the transverse direc- 
tion. The gyraton is moving along the £-axis in the 
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positive direction. We assume that only non-vanishing 
components of the stress-energy tensor of the gyraton 
are T uu (u,x±) and T ua (u,x±). This tensor is divergence 
free if d a T ua (u,x ± ) = 0. 

Let rj uv be the Minkowski metric 



ds 2 



dx»dx v 



-dudv + dx 2 . 



(34) 



In the linear approximation the gravitational field is 
Qiiv = f]\j,v + hfi V , where the field perturbations obey 
the equation 



-kT„. 



(35) 



(36) 



Here k — 16irG, G is the higher dimensional gravitational 
coupling constant, and 



□ = -4d u d v + A , A = d 2 



(37) 



For a beam-pulse of radiation = 0. Thus, in the 

equation l|35l) instead of h av one can put h al/ . Notice 
also that if h^ v {x_\_) is a solution for T u „(x±) then for 
an arbitrary function x(m), function x(m)/i m „(xj_) is a 
solution for a source x(m)T m1/ (x_l). We shall use this 
property to construct solutions for a source with time u 
dependent profiles. For the moment we consider a source 
Tfiv = t fiU (xj_) which does not depend on u. To obtain 
h^v one needs to solve the equation 



A/i M „ = -Ktp V (x.±) 



(38) 



Denote by G(x±,x l ±) the Green's function for the op- 
erator A in the transverse space 



Denote p 



AG(x u x' ± ) = 
|xj_ — x'j_| then 

G(x ± ,x' ± ) -- 



Here 



fo(p) =1np , f n (p) 



S(x A 



fn-2{p) 
1 

np n 



n> 1. 



(39) 



(40) 



(41) 



For a narrow beam of radiation the integration is per- 
formed over a region of the size ~ I. If R = |x_i_| ^> I one 
has 



\x ± -x' ± \~R- 



(x_l,x'_l) 
R 



(44) 



By keeping the leading and sub-leading terms one obtains 



h^(x ± ) 



where 



n 



n-l 



fn-2{R)T^ v 



av j-, V uuh 

K 



t^u = J dx±t IJ , 1J (x) , 

CTtJ.ua = J dxj_t^(x') X a . 

Using relation Q13f) one finds that 



Tuu = E/L 



(45) 
(46) 

(47) 
(48) 



Since t ua is a derivative of a function vanishing at infinity, 
its integral r ua vanishes. The conservation of energy im- 
plies the identity J dx± d c t uc x b x a = and the property 
(Juab = —(Juba- Therefore, 



1 



Jab/ L 



(49) 



where we used the definition 1 11 OH . 

We use the freedom of rotation of the transverse co- 
ordinates x" in order to relate the coordinates to the 
bi-planes determined by the antisymmetric tensor J ab . 
We enumerate the bi-planes by the index i — 1, . . . , I, 
and assume that after a proper rotation brings the an- 
tisymmetric matrix J a ij to its canonical form, the new 
coordinates Xi — x 2l+1 and y^ — x 2l+2 belong to the i-th 
bi-plane. As earlier we denote by Jj the corresponding 
component of the angular momentum. In these coordi- 
nates the metric in the weak field approximation takes 
the form 

l 

ds 2 = —du dv + ^^{dx 2 + dy 2 ) + edz 2 
i=l 



n = D — 2 is a number of the transverse directions, and 
O n -i is the volume of the unit sphere S n ~ l 



+2$ du 2 + 2du A i (Vi dx i - x l dy i ) , (50) 



&2 ) ; 



2W 2 



r(n/2) 

A solution to the equation i|38|) is 



h^(x ± ) 



-k [dx'xg n (\x± - x' ±\)t, J , l/ (x' ±) 



(42) 



(43) 



$ = _. 



nE 



■ X (u)f D -4(R) , 



20x3 — 3 



a K t r \ 1 

Ai = -— JiXi\ u )- 



4^-3 



R°- 2 



(51) 



(52) 
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In the even-dimensional spacetime e = 0, and in the odd- 
dimensional one it is equal to 1. According to the above 
definitions 



Vi. 



ez 



(53) 



It should be also emphasized that we restored the depen- 
dence on u in the solution (|5L)fl by introducing the profile 
functions xi u ) an d Xi( u ) corresponding, respectively, to 
uu and uxi, uyi components of the stress-energy tensor 
of the beam. As we explained earlier, this can be done si- 
multaneously in the source and the field components. To 
preserve the meaning of E and Ji as a total energy and 
total angular momentum components we must require 
the following normalization conditions 



duxiu) 



duxi{u) = 1 . 



(54) 



It is convenient to rewrite the metric (|50l) in a different 
form. Let us introduce polar coordinates (?"i,<^j) in the 
i-th bi-planc, 



Xi = n cos (pi , yi=m 
Then the metric (|50|) takes the form 



dudv + ^2(drf + r 2 d<\> 2 ) + edz 2 

i=l 



(55) 



(56) 



A 



2<S>du 2 + _ 2 ^2 JiXi{u)rid4>idu , 



where A — k/ (2Qd-3)- 

In the special case of the four-dimensional space-time 
the metric (|56ll is 

ds 2 = —du dv + dr 2 + r 2 d(h 2 



The form of the solution is slightly different for even and 
odd number D of the space-time dimensions. In this sec- 
tion we assume that D > 4. The case D = 4, which 
requires special consideration, will be considered in the 
next section. 

In the even dimensional case, D = 21 + 2, the solution 
can be written as follows 25 1 



ds 2 



-dudv + 2 ^ dz l dz l + (2$ + B)du 2 

i=l 



+2^2(W i dz i + W l dz 1 )di 



Here 



Wi = —ipi(u) 



R 21 ' 



i? 2 = 2^. 



i=i 



$ = 



R 2(l-1 



B = 



R U-2 



p2 

011 B 2 + @ ip2 



(58) 



(59) 



(60) 



z l , z % are complex coordinates and the bar denotes com- 
plex conjugation. The function /i(u) and I functions Pi(u) 
are arbitrary functions of u. We also use the following 
notations 



i=l 



Oil 



2(1-1) 



2(1 - 1)(2Z - 1) 



(61) 



(62) 



In the appendix B we prove that this metric is Ricci-flat 
everywhere outside z l — z l — 0, and hence it is a solution 
of vacuum Einstein equations outside the source. 

In order to explain the meaning of /i and pi it is con- 
venient to rewrite this metric in a form similar to (I5€ 
For this purpose we denote 



-4G [2Ex(u) lnr du - Jxi(u)d<fi] du , 



(57) 



In 4-dimensions R = r and J is the internal angular 
momentum (spin) of the beam. 



IV. GRAVITATIONAL FIELD OF A 
RELATIVISTIC GYRATON: EXACT HIGHER 
DIMENSIONAL SOLUTIONS 

In this section we discuss the solution of the higher 
dimensional Einstein equations describing the gravita- 
tional field of a relativistic spinning beam-pulse of ra- 
diation (gyraton). In the general case such a solution 
contains I + 1 arbitrary functions of the retarded time u, 
where I is a number of independent bi-planes of rotation. 



~ V2 

In these coordinates the metric l|58f) takes the form 



(63) 



<is 2 von = —dudv + *y^(dr. 



2 1 rfdSf) 



-(2<& + B)du 2 



R D - 2 

$ and B are given by (|60(l with 



R 2 = Y,rl P 2 =EPi(^ 



(64) 



du . 



(65) 



i=l 



i=l 
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Let us suppose that the following integrals are finite 

duji(u) , (66) 



3i 



dupi (u) . 



(67) 



and denote 

X(u) = fi(u)/m , Xi(u) = Pi(u)/ji . (68) 

By comparing the metric l|64|l with a linearized solution 
(|56|l . one can conclude that m is proportional to the to- 
tal energy E of the pulse of radiation, while j\ are pro- 
portional to the independent angular momenta Ji of the 
pulse 



kE 



2fl D _ 3 (D - 4) ' 



D-3 



(69) 



The functions x( u ) an d Xi( u ) describe profiles of distribu- 
tions of the energy and angular momenta of the radiation 
within the pulse. 

In the odd dimensional case D = 21 + 3 the solution 
has the metric 



where <is 2 von is given by (|58|l and 



W, 



-ip, 



21+1) 



i? 2 = 2^zV + z 2 



R 2l-1 



B = 



p2 



on 



21-3 
2(21 - 1) ' 



A = 



i 



21(21- 1) 



(70) 



(71) 



(72) 



(73) 



The function /k(m) and I functions Pi(u) are arbitrary 
functions of u, and P 2 and p 2 are given by (|61|l This 
metric in the radial coordinates l|63|l has the form 1701) 
where ds 2 ven is now given by expression (|64|l with 



R 2 = Y j rl+z 2 , 



(74) 



As in the even dimensional case, the odd-dimensional so- 
lution has I + 1 arbitrary functions of u which are related 
to the energy of the pulse and its angular momenta by 
(El. 



V. GRAVITATIONAL FIELD OF A 
RELATIVISTIC GYRATON: EXACT SOLUTION 
IN 4-DIMENSIONS 

As we already mentioned, the case of 4-dimensional 
space-time is special, in this section we derive a 4 — D 
solution for the gravitational field of a gyraton. We use 
the following ansatz for the metric 

ds 2 = -du dv + dx 2 + (2$ du + 2A a dx a )du , (75) 

where a, b = 2,3, x = (x 2 ,x 3 ), dx 2 = (dx 2 ) 2 + (dx 3 ) 2 , 
<f> = $(x, u), and A a = A a (x,u). Straightforward but 
rather long calculations give the following expressions for 
the non-vanishing components of the Ricmann curvature 



Ru2u2 = + -(curlA) 2 + d u d 2 A 2 



Rusus = -d 2 $ + - (curlA) 2 + d u d 3 A 3 , (76) 



R U 232 = -i<9 2 curlA , R u323 = i<9 3 curlA , 



R lt2 u3 = -df 3 $ + Md 2 A 3 + d 3 A 2 ) . 



Here 



curl A = d 2 A 3 - d 3 A 2 



divA = d 2 A 2 + d 3 A 3 , 



A$ = (9 2 + a 2 )$. 



(77) 



(78) 



(79) 



Calculations also give the following non- vanishing com- 
ponents of the Ricci tensor 

R uu = - A $ + i(curlA) 2 + <9„divA , 



Rua = -£ a b9fcCUrlA , 



(80) 



where t a b is a 2 — D anti-symmetric tensor, £23 = —£32 
I . 

We suppose that everywhere outside the source at x 2 — 
x 3 = the space-time is vacuum. Thus, outside the 
source one has 

A$ = , divA = , curlA = . (81) 



Denote r — y (a; 2 ) 2 -I- (a; 3 ) 2 . Solutions of the equations 
(|81|l which are regular at r — > 00 are 



® = -(j,(u)\nr, A a 



p(u) 



(82) 
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Strictly speaking, $ and A are distributions which 
obey the following inhomogeneous equations 



Let us denote 



curlA 



-27T/z(u)<5(x) 



(83) 



(84) 



It is interesting to note that the equations for $ and A co- 
incide with the equations of 2-dimensional electrodyman- 
ics. In this analogy $ is similar to the Coulomb potential 
of a point-like charge, while A is similar to the vector po- 
tential for the axisymmetric magnetic field. An unusual 
property of these fields is that the value of the charge 
and the flux of the magnetic field depend on the "time" 
u. In more general terms, this interpretation reflects a 
well-known electromagnetic analogy of the gravitational 
interaction (see e.g. |2fij). 

Let us introduce the definitions 



H{u) = mx{u) , p(u) = -jxi(u) , 



(85) 



where x( u ) an d Xii u ) are profile functions for the en- 
ergy and angular momentum distributions, respectively, 
obeying the normalization conditions Ij54(l . We also put 

m = AGE , j = 2GJ . 

Then in the polar coordinates x 2 = r cos <fi, x 3 = r sin (j> 
the metric 1)750 takes the form 



ds 2 



-du dv + r 2 



dr 2 



-4G(2Ex(u) lnr du - J X i{u)d(j))du . 



(86) 



By comparison with the weak field approximation l|57(l 
one can conclude that E and J are the energy and the 
angular momentum of the beam, respectively. The met- 
ric (|86|l belongs to the Kundt's class of metrics (see e.g. 

H3). 

The 4-dimensional metric g M „ is linear in E and J. 
However y/— g and g^ v contain terms proportional to J 2 . 

The form of the metric 186(1 is invariant under the fol- 
lowing transformations 



Lu + b , 



L- 1 



v, 



X *(u*)=L- 1 X ({u* -b)/L) 



X*(u*)=L- 1 X ((u* -b)/L), 

where L and b are constants. 

Equation curlA = implies that at least locally 

a = ve. 



(87) 



s = $-a,e. 



(90) 



Then for the Ricci flat metric the non-vanishing compo- 
nents of the curvature can be written in the following 
compact form 



Ruaub — 9 2 b Yi . 



(91) 



Let us emphasize that the obtained vacuum solution is 
valid only outside the beam-pulse. On the beam axis it 
is singular. One can formally define an effective stress- 
energy tensor for the solution i|86|) as 

T liV = (SnG)- 1 (R lu ,-^g lu ,R). (92) 

It can be shown that the Ricci scalar is identically zero. 
Thus, the only non-trivial components of the stress tensor 
are 

T uu =Ex(u)8{k)+kGJ 2 xI{u)5 2 {k) . (93) 



T ua = - X i(u)e ab d b 6(x.) . (94) 

To obtain these relations we used l|80|l and l|82() and took 
(|84|l into account. The term <5 2 (x) on the right hand side 
of (|93|l indicates that in the presence of spin one must 
consider spatially distributed sources. In the weak field 
approximation the second term on the right hand side 
of l(93|l should be omitted. Then T uu , T ua take the form 
of components of the stress-energy tensor of an infinitely 
narrow beam with the energy E and the angular momen- 
tum tensor J a b = \t-abJ ■ 



VI. PARTICLES AND LIGHT MOTION IN THE 
FIELD OF GYRATON 

In this section we describe briefly the gravitational 
force of a relativistic gyraton acting on particles and light 
rays. We restrict ourselves by considering only the case 
of 4 dimensions. 

Non-vanishing Christoffel symbols for the metric l)86|) 
are 



r^ = 2/i'ln(r) + ^ 



v v = ^ r = ^ 

r r 



r r = — r^ = ^_ 

«« r ' tiu 2 ' 



(95) 



p v _ 

1 r<f> - ~ ■ 



fj-j, — T ■ 



(89) 



where fJ-(u) and p(u) are given by (|85p. In this section 
we shall use a notation a' — d u a. 

Since T " = one can choose u as an affine parameter. 
We shall use this choice. The equations of motion in the 
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2-dimensional plane orthogonal to the direction of the 
motion are 



r" + H - rcf,' 2 = , 
r 



p' 2cj)'r' 



= 0. 



(96) 



(97) 



Because of the axial symmetry of the metric the second 
equation allows an integral of motion which we denote 
by Po 



(p-po) 



(98) 



center, which is similar to the usual centrifugal force. 
Consider a set of particles located on a circle of initial 
radius tq orthogonal to the direction of motion of the gy- 
raton. As a result of action of a gyraton moving though 
the center of the circle, the trajectories of the particles 
are twisted and later either converge to the center or ex- 
pand. The character of the motion depends on which 
term in the equation l|99|l dominates. The pictures DEI 
illustrate this. 

We consider a special case when both fi and p have 
the same step-like form. Using an ambiguity l|87|l in the 
choice of the coordinate u we can write 



fx(u) = mx(u) , p{u) = -jx(u) 



(105) 



This integral of motion is a quantity connected with the 
conserved angular momentum. The radial equation can 
be written as follows 



(99) 



Instead of the last equation of motion for v(u) it is more 
convenient to use its integral which follows from the nor- 
malization condition 



9 flf^^ ^ ; 



(100) 



where e — for light rays and e = — 1 for particles. This 
equation gives 



-v' + r 2 4>' 2 + r' 2 - 2/x In r + 2pcj>' = e . 
Using H98fl it can be rewritten as 



P 2 

-v + r — 2/ilnr = e. 



(101) 



(102) 



For fi = p = the equations of motion can be easily in- 
tegrated. Using an ambiguity in the integration constant 
the trajectory for this case is 



Po 



(103) 



x (u) = §{1/2 -u) + i?(l/2 +u) - 1 



(106) 



The step-function \ vanishes before u = — 1/2 and after 
u = 1/2, and is equal to 1 between these values. It is 
normalized so that 



1/2 



-1/2 



x(u)du 



1/2 



-1/2 



X 2 (u)du = 1 . 



(107) 




FIG. 1: The relativistic gyraton with m = 0, j = 0.7 passes 
through the center of a set of particles initially located at 
the radius 1. The gravitational field of the gyraton is turned 
on during the interval ( — 1/2, 1/2) (two solid circular curves). 
During this interval the particles position is twisted. After 
this the particles are moving radially outward with a uniform 
speed. 



that is, it is a straight line passing at the distance from 
the center (impact parameter) equal to pq. 

In order to illustrate the action of the relativistic gy- 
raton on the motion of particles and light rays, let us 
consider a special case when initially their equation of 
motion in the plane perpendicular to the direction of mo- 
tion was 



4> = 4>o = o , 



rp = const . 



(104) 



For this case po = 0. Using equation (|9"5|l one can see 
that when a gyraton passes near the particle it effec- 
tively imparts an angular momentum to it which is pro- 
portional to p{u). The radial equations show that the 
"mass" term n(u) produces an acceleration directed to- 
wards the center, while the angular momentum term ef- 
fectively produces an acceleration directed away from the 



For this choice the gravitational field of the gyraton 
affects the particles during the interval (—1/2, 1/2). Fig- 
ure n shows the motion of the particles forming the circle 
for m = and j = 1. The initial radius of the cir- 
cle is chosen to be 1. The coordinate u grows from the 
right to the left. In this and next figures, two solid cir- 
cular lines on the surface correspond to the moments u 
when the gravitational field of the gyraton is switched on 
(uq = —1/2, the right circle) and the moment when it 
is switched off (ui = 1/2, the left one). Between these 
two moments the particles trajectories are twisted. After 
switching off the gravitational field the particles are mov- 
ing radially with some positive constant radial velocity. 

Figure|21shows the motion of the particles for the other 
special case m = 0.25, j — 0. As the result of the attrac- 
tion to the moving gyraton the radius of the circle (which 
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FIG. 2: Motion of particles for the gyraton parameters m = 
0.25, j = 0. For this case there is no twist, and particles 
move to the center with constant radial velocity. They pass 
the center, r = after the gyraton, and passing the caustic 
starts their expansion. 




was originally equal to 1) shrinks from its original value. 
After it = 1/2 the particles have a constant negative ra- 
dial velocity. They pass the point r = sonic time after 
the gyraton was there. After a conical caustic at this 
point the circle starts its linear expansion. 



FIG. 6: A special case when the repulsion dominates (m — 0, 
j = 0.6). After the gyraton passes throughout the center, the 
particles located at the inner circle ri = 0.8 get higher positive 
radial velocity than the particle which initially were located 
at ro = 1.0. The inner particles (their worldsheet is shown by 
a light surface) cross the outer particles (darker surface). At 
the moment of the intersection a caustic is formed. 



FIG. 3: A special case (m = 1 j = 1) when the centrifugal 
repulsion compensates exactly the "Newtonian" attraction. 

Figure illustrates a case when the "Newtonian" at- 
traction is exactly compensated by the "centrifugal" re- 
pulsion generated by the rotation of the gyraton. After 
passing the gyraton the particles remain at the same ra- 
dius r = ro = 1. 




FIG. 4: The case when both of the parameters m and j do 
not vanish, but the attraction dominates (m = 1.5, j = 1). 




FIG. 5: The case when both of the parameters m and j do 
not vanish, but the repulsion dominates (m = 0.7, j = 1). 

In the general case either "Newtonian" attraction or 
"centrifugal" repulsion dominates. Figures |SJ and H| illus- 
trate these two options. 

The "centrifugal force" term is proportional to r~ 3 . It 
means that in the absence of the "Newtonian" attraction, 
fx = 0, the outward acceleration of particles at smaller 
radius is bigger than the acceleration at bigger radius. 
Consider the evolution in time of two circles, one with 
the original radius ro and the other with r± < tq. Since 
the final positive radial velocity is bigger in the second 



case, a surface Si representing the second circle motion 
(light surface at Figure EJ crosses from the inside the 
(darker) surface So a t some moment of time u. 

In a general case such points of intersection form a 
caustic curve u = U(r). If the interval during which 
the field of the gyraton is switched on is much smaller 
than the time formation of the caustics one can define 
the function F as follows. Denote by 

f=f I du X 2 {u). (108) 

J — oo 

For the step function \ given by (|106f) j — j. By integrat- 
ing the radial equation i|99|) over a (short) interval when 
the interaction is switched on and assuming that during 
this interval the radius remains approximately constant 
one obtains the following relation 

A[r'] = 4~-- (109) 
r§ r 

Here A[r'] is the change of the radial velocity. In the 
same approximation 

m = 4 ■ (no) 

We assume that particles before the gyraton passing 
nearby were at a fixed radius. After the gyraton has 
passed, the equation of the particle motion is 

r = F{r ,u) = r Q +[ J ---)u. (Ill) 

The condition for caustic formation is d ro F = 0. By 
solving this equation one obtains the following condition 
for the caustic line formation 

u = U(r )= -/° a . (112) 
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Substituting this relation into (II 1 ll> one obtains 
r (3j 2 - 2mrg) 



2/ 



(113) 



The equations (|112[) and (|113[) describe the caustic equa- 
tion in the parametric form. Since r must be positive, 
r a — 3j 2 /(2m). When ro is close to the limiting value 
\/3j /\/2m u becomes 



9f_ 

2m 2 



(114) 




We remind the reader that the above estimations are 
given in a special frame where the duration of the pulse 
is 1. Using the scaling law (|87|l it is possible to rewrite 
the results in an arbitrary frame where the duration of 
the pulse is L. It is sufficient to notice that under this 
scaling m and r do not change, while j — > j/y/L. In 
particular, under this transformation the relation 11121) 
remains invariant. 

Equation (|109fl allows one to make the following gen- 
eral conclusion. " Centrifugal" repulsion compensates the 
"Newtonian" attraction when 



(115) 



It should be emphasized that a realistic beam pulse 
of spinning radiation has a finite cross section, so that 
the formulas and approximations used above should be 
additionally tested for their consistency. 



VII. SUMMARY AND DISCUSSIONS 

Let us summarize the obtained results. The beam- 
pulses of spinning radiation besides energy have also in- 
ternal angular momentum. As a result, the metric for the 
gravitational field of such relativistic gyratons in addition 
to the " Newtonian" part contains non-diagonal terms re- 
sponsible for the gravitomagnetic effects. In the weak 
field approximation the gravitational field of the rela- 
tivistic gyraton is related to the boosted Lense-Thirring 
metric in the limit when the boost parameter is infinitely 
large. Since the angular momentum in this limit remains 
finite, the weak field boosted solution is not sufficient to 
generate an exact solution. In this paper we obtained the 
exact solutions for the relativistic gyraton in an arbitrary 
number D of spacetime dimensions. These solutions con- 
tain [D/2\ arbitrary profile functions of one parameter u. 
They describe the energy density, fi(u), and angular mo- 
mentum density, Pi(u), along the beam. 

When a relativistic gyraton passes near a particle, the 
motion of the latter is affected by the "Newtonian" at- 
traction generated by the energy [i and by an induced 
'centrifugal' force, generated by the angular momentum 
of the gyraton. We explicitly demonstrated this for the 
four-dimensional case but this conclusion is of general 
nature. 



The condition 1115fl for the radius where repulsive 
and attractive forces are equal is obtained for classical 
sources. It is interesting to apply it (at least formally) 
to the case of a single quantum. For the quantum with 
wavelength A and spin s one has E — h/X and J = sh 
and the condition H115J1 takes the form 



sh J j. 



(116) 



Here Ipi = \fhG is the Planck length. At the threshold of 
the mini-black-hole production when both the center-of- 
mass energy of particles and their impact parameter have 
the Planckian scale, this relation shows that the spin- 
orbit interaction becomes comparable with the "Newto- 
nian" attraction for a quantum with L ~ A. 

In case when both particles have a spin, besides the 
spin-orbit interaction there exists also an additional spin- 
spin interaction. One can expect that both effects might 
be important in the Planckian regime and change the 
estimated cross-section of mini black hole formation. In 
order to study this problem one needs to find the metric 
for ultra-relativistic particles with a spin. The solutions 
obtained in this paper for the relativistic gyraton can be 
a good starting point in this investigation. 
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APPENDIX A: BOOST OF A COMPACT 
SOURCE 

In the case when x( u ) — Xi{ u ) = 8(u) metric l|5L)[l - <|52[) 
can be obtained from the metric of a source by the boost. 
Consider a compact source in a flat space-time which is 
at rest in the frame of reference with coordinates x^, 

= x a , 



such that 



t (t is time coordinate) ar = £, 



a = 3, .., D. We call x a transverse coordinates and denote 
them by the vector xj_. The source has the mass 



M = I <%dx x T 00 , 
and the angular momentum tensor 



where T^ u is the stress-energy tensor of the source. It 
is assumed that the source rotates only in transverse di- 
rections, hence the only non-trivial components of the 



12 



angular momentum tensor are J a b- The number of ro- 
tation bi-planes is I — \{D — 2)/2]. As before we work 
in the transverse coordinates corresponding to the rota- 
tion bi-planes, where J a b has a block-diagonal form, and 
denote Ji the momentum in the i-th bi-plane. 

In the weak field approximation t he g ravitational field 
of the source is given by the metric |28j | 



ds 2 = -dr 



dx 2 , 



2$ dP 



D 



-(d?+dxl 



2dt ^2 At {Vidxi - Xidyi) . 



(Al) 



i=l 



where 



dx\ = ^(dx 2 + dyf) + edz 2 



~. kM{D~3) 

= - o/r, o^n /D-a(p) 



2(D~2)n D _ 2 - 



Hp) 



Ji 



(A2) 



(A3) 



Functions fn-3 are defined by j41|. 

p 2 = e 2 + xi = e 2 + r 2 , 

and e = if the number of transverse directions is even. 

Let us go to a frame of reference which moves back- 
wards along £-axis with the velocity (3 (we work in the 
system of units where the velocity of light c = 1). Let £, 
t, u = t — £, t> = i + £ be the corresponding coordinates 
in the moving frame, 



(A4) 



where 7 = (1 — /3 2 )~ 1//2 . By using (|A4|) one can consider 
the limit (3 — > 1. In this limit the source is moving with 
respect to the new frame of reference with the velocity of 
light. Let Aj_ be the Laplace operator in the transverse 
directions and 



A = A 



(A5) 



In the limit of infinite boost operators A and Aj_ coincide 
up to terms 0("f~ 2 ). According to definitions of Green's 
functions (gO), 



(A6) 



(A7) 



In the limit of infinite boost the following relations hold 
Hm(7/i(p)) = /i(u) + 2*(u)/ (i2) , (A8) 



Umhf D . 3 (p)) = S(u)^^f D - 4 (R) , D>4 , (A9) 



(A10) 



which can be found with the help of (|A6|) . (|A7|I if one 
has takes into account that lim^i(7<5(£)) = S(u). 

By using l|A8l) - (|A10|) one finds that in the limit of the 
infinite boost metric (|A1|) takes the form (|50 |> — l|52 |l pro- 
vided that the mass of the source behaves in this limit 
as 

7 

while components of the angular momentum Ji remain 
finite. To get the gyraton metric (|86|l from the boost in 
four dimensions one has to make an additional coordi- 
nate transformation v = v — AGEItiu/uq, where uq is a 
constant. 



APPENDIX B: METRIC ANSATZ AND 
CURVATURE CALCULATIONS 

1. General formulas 



We define the metric to be 
ds 2 



(Bl) 



Here yW = u>v dx v are basic forms and rir^u,) is a non- 
degenerate matrix with constant coefficients. We denote 

„z> ci 1 • j j i _ 1 • r 



LCltC HiaiJlijV VV1LU UUilLl laill V.U^lllLlV^llUG. \ \ V 

e (p) = e% Uipv basic vectors dual to the basic forms 



Let us define 
These coefficients possess the following property 

A W(")(A) = -A(A)(«)W ■ 

The Ricci rotation coefficients are defined as 

7<>)(v)(A) = j^WMW + A (a)(m)(^) - A (^)(A)(^)] 



(B2) 
(B3) 
(B4) 
(B5) 
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The Riemann tensor can be written by using the Ricci 
rotation coefficients as follows (see e.g. p9j l 

#0)0)WO) = -7MMW,W+7WWW,(i) 

-1-70)0)0) 

+7(e)( A1 )(A)7 (t/ ) £) (p) - 7( £ )0)0)7 ( jf(A) ■ 
Here (. . .),0) = e O)(' ' ')>"■ Finally the Ricci tensor is 

i?0)(A) = 1 ( " )W %MW(p) ■ (B7) 

2. Even-dimensional space-time 

Formulas for even and odd dimensional cases are 
slightly different. Consider first the even dimensional 
case and denote I — (D — 2)/2. We shall use two real 
coordinates, x 1 = u and x 2 = v. The other coordinates 
x a , a — 3, . . . ,D are complex. We shall use the follow- 
ing notations for this set of complex coordinate x % = C , 
x l = (\ where i = 3, 5, . . . , 21 + 1 and i = i + 1. In this 
notations a partial derivative A }U denotes the following 
set of partial derivatives 

A, i =d C iA, .1, A. (B8) 

We shall use the same convention for the indices con- 
nected with the basic vectors and forms. We denote 

f» a6 = XM + a?$- (B9) 

i 

Using this notation we can write the metric in the form 
ds 2 = -2 J 1 V 2 ' + 2 J2 w (i) w W ■ ( B1 °) 

i 

We adopt the following ansatz for the metric. Let us 
denote 

w (2) = ^dv - Qdu , (Bll) 

w« = dC + W l du , uj G} = uj (i} = dC + W l du . (B12) 

Here Q = Q(u,Ci,(i) and W i = W l {u,Q,Q)- We also 
define 

W i = W i = W i , W- l ^W l = W i . (B13) 

The differentials of the coordinates can be expressed 
in terms of basic forms as follows 

du = uj {1) , dv = 2{uj {2) +Qlo (1) ), (B14) 



dC = - W 1 uj w , dC = - W 1 uj {1) . (B15) 
The corresponding vector basis is 

e (1) =d u -V + 2Qd v , e (2) = 2d v , (B16) 

e(i) = d c * , e ( j) ee g(i) = 5 f i , (B17) 

V = Y^(W l d c + W l d^) . (B18) 

i 

The metric is 

ds 2 = -dudv + 2^2 dCdC + 2(Q + ^2 WiW^du 2 . 

i i 

+2 Y,(WidC + WjdC)du . (B19) 

i 

Calculations give the following non-vanishing compo- 
nents of Ao)0)(A) 

A(l)(l)( a ) = Q,a ■ (B20) 

•\l)(a)(f>) = W a ,b ■ (B21) 

Non- vanishing components of the rotation coefficients are 
7(i)(o)(i) = Q,a , (B22) 

l{i){a){h) = \{W a , b + W bta ), (B23) 

lia)i b){ i) = \{W a , b -W b , a ), (B24) 

Notice that the rotation coefficients do not vanish only 
if their first or the third index is equal to 1 . If any of its 
indices is 2 the rotation coefficient vanishes. Using these 
properties and the definition of the Ricci tensor (|B7() it 
is possible to show that 

R(a)(b) = R(2)(a) = R(a)(2) = . (B25) 

Non-vanishing coefficients of the Ricci tensor are 

R im) =-AQ + Z iU -VZ-U, (B26) 

R (1)a = ~AW a + ~Z ta . (B27) 
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Here A = rj ab d a db and 

Z = v ab W a , b = Y,(W l j + Wu), (B28) 



1 



U=-(r) ac V M + V a,1 V bc Wa,bW c , d . 



To obtain a solution we choose 
Wi = - 



R 21 



R 2 =2^CC 



(B29) 



(B30) 



(B31) 



Here pi = Pi(u) are arbitrary functions of u. We demon- 
strate now that for this choice the components R(i)( a ) of 
Ricci tensor vanish. 
It is easy to check that 



Wi, = 2ilpi 



W-u = -2il Pl 



CP 



R 2(l+1) 



w - = — 

1J R 21 



2lp. 



R 2 



Pi5i : 



1,3 



(B34) 



(B35) 



It is easy to see that for each i, W it j + W- i { — 0, and 
hence Z = 0. We also have (outside a singular point 
R = 0) 



A 



1 



R 2r - 



Am{m — I + 1) 
R^m+T) 



A 



f C \ _ 4m(m - l)C 



A 



1 



2m(m - Z - l)CC 



R 2 



R 2m J R 2r ' 
The equation (|B37|) implies 

AW; = AWi = . 
Thus i?(i)( a ) = and Hmm takes the form 
= -(AQ + U). 



(B36) 
(B37) 
(B38) 

(B39) 
(B40) 



The metric (|B19|) is a vacuum solution if the function Q 
obeys the equation 



AQ = -U. 



(B41) 



It is convenient to rewrite expression (|B29() for U in 
the form 



U = U+ + U- 



(B42) 



where 



U+ = g (Wi tj + W jti )(W Vj + W 3 f) , (B43) 



u- = \{w- i , j + w^){w i3 + w- jti ). 

The calculations give 

I 2 



{R 2 P 2 ±I 2 ) 



(B32) Here 



(B33) 



P 2 = 2^^CC, 



7 = 2^ Pi CiC 



Combining these relations one obtains 

2l 2 P 2 



U = 



R il+2 ■ 

We write a solution Q of the equation 
AQ = -U, 



as a sum 



= $ + *, 



(B44) 



(B45) 



(B46) 



(B47) 



(B48) 



(B49) 



(B50) 



where ^ is a special solution of the inhomogeneous equa- 
tion (|B49(I and $ is an arbitrary solution of the homoge- 
neous equation 



A$ = 0. 
Relation l|B36|l implies that 



$ = 



#2(1-1 



(B51) 



(B52) 



with an arbitrary function /Lt(tt). 

To hnd a solution of the inhomogeneous equation we 
use the ansatz 



P 2 u p 2 

W = 0,1 77 + 0/ 77-^7 



(B53) 
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where 



^ 2 = E^ 



(B54) 



Using this notation we can write the metric in the form 
ds 2 = + 2 + (^ z) f ■ (B64) 



Using relations l!B36(l and (|B38|) one has 
1 



A* = 



p2 



Ai = 81(1 - l)oi , Bi = Aai +41(21 - l)b t . 
Equations (IB48I) and (|B49j) give 

I , 1 

ai 



4(Z-1)(2Z-1) 



4(/-l)' 
Let us denote 



Since 



one has 



where 



a i 



W i W i = 



P 2 
2R il 



B 



p2 



1-2 

i) 



2(1- l)(2l- 1) 



(B55) 



(B56) 



(B57) 



(B58) 



(B59) 



(B60) 



(B61) 



The basic forms a/ 1 ), lj^ 2 \ uj^ and are given 

by (|BTi|) - (|BT2|) with Q = Q(u,Ci,Ci,z) and W l = 
W l (u,(i,(i,z) and 

wW=dz. (B65) 

The metric is 

ds 2 = -dudv + 2 dCdC + dz 2 . 

i 

+2j2(W i dC + W- l dC)du + 2(Q + J2w t W- l )du 2 . (B66) 

i i 

It is convenient to denote W a an object which besides the 
components Wi and Wj has one more additional com- 
ponent W z — 0. Using these notations it is possible to 
show that the non- vanishing components of \u ,)(i/)(x) an d 
7(ft)(i/)(A) are given by relations (|B20|) — (|B24fl . For the 
non-vanishing components of the Ricci tensor one has 



Rn 



(i)(i) 



A Q + Z. u - VZ - U , (B67) 



Here 



3. Odd-dimensional space-time 



= — A W a + -Z, a . (B68) 



V = J2(W l d c > + IU l <%) , (B69) 



A = r) ab d a d b = 2 9 C * % + d 2 , (B70) 



In the case of an odd dimensional space-time the calcu- 
lations are similar. We shall briefly give the main results 
omitting the details. 

Let us denote I = (D — 3)/2. As earlier we use 2 



real coordinates, x 1 



u, x 



v. We denote the other 



coordinates by x a , a — 3, . . . , D. They consist of I sets of 
complex conjugated coordinates x % = £*, x % — C, where 
i = 3, 5, . . . , 21 + 1 and i = i + 1, and one additional real 
coordinate, which we denote by z, x 2l+3 = z. 

In this notations a partial derivative A^ a denotes the 
following set of partial derivatives 



A t i = d- A, 



A 



d z A. 



(B62) 



We shall use the same convention for the indices con- 
nected with the basic vectors and forms. We denote 



a b 



(B63) 



Z = v ab W a , b = J2(W t .i + W lt ), (B71) 



1 



u = -(v ac v oa + v aa v DC )w a , b w c , d . 

To obtain a solution we choose 

c 



Wi 



-ipi 



R (2l + 1) 



R 2 = 2J2CC 



(B72) 



(B73) 



(B74) 



Here n(u) and pi = Pi(u) are arbitrary functions of u. 
We demonstrate now that for this choice the components 
R(i)(a) of Ricci tensor vanish. 
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It is easy to check that 



Wij = i{2l + l) Pi 



WjJ = -i(2i + 1) P : 



R (2l+3) ' 



w-, 



hi 



R (2l + 1 



R {21+1) 



cc 

{21 + l )Pi-jp ~Pi$ij 



cc 

(2l + l)p^- Pl S. K 



-i(2l + l) Pi 



i?(2i+3) 



(B75) 



(B76) 



(B77) 



(B78) 



(B79) 



(B80) 



It is easy to see that for each i, W^j + Wj i — 0, and 
hence Z = 0. We also have (outside a singular point 
R = 0) 



A 



1 \ 2m(2m - 2/ + 1) 



A 



A 



( cc \ 


2 


\R 2m ) 


R2m 



A 



Jj2(m+1) 

2m(2m- 21 - 1)Q 

i?2(m+l) ' 

m(2m - 2/ - 3)0C 



(B81) 



(B82) 



1 



R 2 

m(2m-2l-3)z 2 
R? 



R2m J R 2r. 

The equation (|B82|) implies 

AWi = AWi = . 
Thus -R(i)( a ) = and iimm takes the form 
R (m) = -(AQ + U). 



(B83) 
(B84) 

(B85) 
(B86) 

The metric (|B66|) is a vacuum solution if the function Q 
obeys the equation 

AQ = -U. (B87) 
The function U defined by (|B29|I can be rewritten as 



U = U+ + U- + U , 
where U± are defined by (|B43|) and (|B44|) and 



(B89) 



The calculations give 
(21 + I) 2 



U± 



4i? 4 '+ 6 



U 



[P 2 (R 2 -z 2 )±I 2 ] 



( 2? + 1 ) 2 o2 2 



2RH+6 



■P z z z 



Thus one has 



U = 



{2l + l) 2 P 2 
2R Al + A 



(B90) 



(B91) 



(B92) 



We write a solution Q of 1B87|> in the form (|B50fl . Q = 
Q+ty, where as earlier $ is a solution of the homogeneous 
equation and \& is a special solution of the inhomogeneous 
one. Relation (|B81|I implies that 



R21-1 ' 



(B93) 



where n(u) is an arbitrary function of u. 

To find a solution of the inhomogeneous equation we 
use the ansatz 301 



a l ntixl + °l 



2 

R Tl 



R il+2 

Using relations l|B36(l and (|B38|I one has 
1 



A* = 



R 4l+2 



p2 



(B94) 



(B95) 



Ai = 2(4/ 2 - l)oj , Bi = 4oj + 4/(2/ + 1)6; . (B96) 
Equations l|B87|l and (jB92|) give 

1 



(gj + 1) , 



4(2/- 1) 



4Z(2Z - 1) 



Let us denote 



Since 



2i? 4;+2 



one has 



where 



2/ -3 
2(2/ - 1) 



p2 



1 



2/(2/ - 1) 



(B97) 



(B98) 



(B99) 



(B100) 



(B101) 
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